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THEORY Ai: 7 ' DLRIVA7IPNC 



simple feedback system of t«e form snown may by consicer^ 
to consist of sn input t an error measuring device A, a transfer 
function KY(p) where p ~ ju, an output 0 o and a feedback line. 

Let 0.- d 0 = £ . Then S 0 - ^ (KT(p)) - jKY<p )J [^r Q ol or 

&„/Q, - IZY-n) . It Lac been s.orm (ref. c ) that a transfer 

° 1 l"t KYfp) 



m 



c 

function may be reduced to the form A o+ A lP "f A ^P * ..••.A w p 

' 3 0 tBiP tB 2 p £ T “".777 D^P^ 

The transfer functions considered herein will be of the forTi: 

(A) KHp) - K , 

pcpriy 

(3) KY(p) = K „ 

p(prl)(<^ pt: ; ( 



(C) KY(p) - 



p(pti)(cv pti)( .7 ptiT 



Ibeae transfer functions raignt arit;e as follows: 



(•) Components (a) synchro transformer L(jw)/£ (jw) - 

(o) Y.C. motor with snunt field control 



6 C /Ij 



K 



I jw)l)wr+\ 

(c) electronic amplifier 



lh*re 6 q /£ 



- t. 

i 



1 K * 



jwijwTtU 



71- w 



f =■ 



« 1. T 



f ■ V t 



.. f 



(s) 



©r 



~&r- 




J 



» 



k ft 



A'IOTqK 



Or. 



KY( jvO - Kxi:. K f /R f f 



jw(r. jwtl KT^ jwfl} 



Let wf> u , th«n KY(ju) 



i<lK-K f /R f f 

Jw(.)wtJ- rl)< J*?C +TJ 

arranging f* * s in order 01 sid* 
l argest ^-belng T" . 



t )a( ju 41 )( JU^TI T 



where cK. - / •*- . Hote that 4 s 1 * 

' 1 <•»* 

1 i 

ilxpr 63f.. Ion ( 0 ? nay be similarly obtained. Thus, in the following 

discussion 0< and ^3 will «ave fcnlues 0 4: - 1 ; 0 4 f3 4: 1. 

Ti.e transient respoi se of systems raving transfer functions 

of these form? may by obtained by radars of tue La ri«ce transform, 

Ti:us for expression (A): 

e 0 / 8 i = KY(p! _ 

lfKY(p) p(pfi; -t Y. 

For a stap function and K - 1 , 



^V-P, - 



pTp^fptl/ 
wfcenca (form 1 . 304 ), raf(d). 



m' 1 -' “ 1 + 0 



-H 



piipti) 3 ' *■ 'fej 

tln( fs /2 t -y') wuere ^ r tan _i J 37 



.here * 5 . ; v, ge number of transient responses * -e required it 
is convenient to use tus differential analyser. This problem may 
bo set xi' uniag t..c operator p r Cd/Y't. For tut* transfer function 
C ) uY(p) - _K “ %/E . 



• ^ rr 

-vup/ - :• 

pip t XT 

?Cp+l)& 0 = K £. 



(d^ /dt~ r d /dt) c) r - Kt 



L ^ ^ ft 

t- ~i~ 8 c 



For feh a constant (d*” /dt 4 f d /d t ) =? u - -(A-rrA^ £ 

* * 



-j- 



then - ) fit, ~ X-CCtJ T he solution to Si* is equation 

t’i ves £. (t) va.ence 0 Q (t) " 1 - £"(t) 

For expression (B) KY(p) ~ K <=, 0../r 

^ti7T*p?rr~ ' 0 

r ©s ^ 3 f- ^ , -h* j Vp '] & ct j = ^ ^ lv j 

— [ jf-Ct) ^ Ytz&^v) 

t* 4 V* solution ox" «u.*ic** ^ives 

<ff ( ‘ . ) , whence S Q (t) ~ 1- Sit) 

For expression (C) KY(p) r- K 

1 »( Pr 1 ) <fW P* 1 ) 1(3 pr 1 ) 

V£ - is - 

f r TC^<l2> -/- <* t-/3 J p"V J Ot -{■',) p *~-f p 

~ E°< fif 1 ^ *-®c h s) j 3 'V +-/**-* j p Vp- ? £l t) ^ <:*9 

w* enc© § 0 (t) - 1 - £T(t) 

As transient response to a step input will be cUscusaedin 
terns of gain .anrgin md p«as« margin t,.ese will ot* defined as: 

(a) 'Hin Jftnjin : i - | KY(p)j at Ute point w^ere toe angle of 
T(p) 6 .unis 160°. 

(b) r.\f. se ar^in: angle of K?(p) diminished by 160° at the 
point here I KY(p) I =1. 



Tne eervonecx.nni sms considered will h^V'* «...e tr nsfor functions 

( ' ) !Y(p) - _K 

pTp^ 1 ) 

(^) K‘/(n) - K ^ 

p(pri;* ( c<p|l ) 

(b) KY(p) '-*• K __ 

p ( pt i)(o< pt XTC ] 3 pt 1 7 



"heir trr\ ,slent responses to a step input will be discussed a 
functions of phase margin and t..e relations between gain «na 
pfc se -Barmins for various values of o(, f0> t a-.d K will be uuo».n. 

As previously stated, tuese aervumeohanlsms will uo consicered 
bo be non-linear in th t the effective ei ror signal ennet tsxceea 
one. Tue applied error signal v«i II je 5, tun saturated vul«t of 
tne error signal ill epual one. In© efiects of saturation 

transient response ore gi.own in durve A-l. 

To shov. tue relations between fJ ain and puaso margins md 
t Dir si ent Response to a stop input it is necessary to determine t.»e 

K required for each. value of g-*in and phnae margin considered. This 

is done by solving for ti~e frequency u required to obtain t..e 
proper ingle of XY(p), then substituting t t .is value in KY(p) to 
•ieterr.ine K. 

For expression (A) it is seen tnat gain ;r. rgin does not 
exist since t..«e loc>«s of K Y(p) does not cross U.e 180° axis. t 
tne point at w&iciu p.^ase margin ins measured. 





K 



1 




margin 0 - f KY (pj - 180 



u^u f 1 1 angle KY(p) - -90 - tan k u 



,ji,a ee 



- -90 - tan~*u - 180 

- -870 - tan” -1 u or tnn((D r 870 - -u Q 





Express icn ( 3 ) 



reflate lor gin I KY(p) r- K - K 

pTptl)To< PT 1 ) j«( ju+l ) ( jo< u+1) 

/ KY(p) - e - **90 - t«n -1 u - Jarf^u 



— ^ 



phase taargin © - -90 ~ tan * u( 14- op - 180 

1- oCu** 

tan(©4 £70) ~ - cot b - -u(14.oQ 

1 - <* 

cot b - oC U^CQt (P “ u(lt <=0 0 

u*' 4 u (In °0 tan $ - 1,^ : 0 

c< 

Substitution of the various phase Margins © rand ' s 
considered and solution for u gives u 0 for ti.e desired 

pnese margin. Aren: \ KY(ju ) - 1 - K • , 

' ° u 0 ( u q 4 1 ) * (<‘"U^+ 1 ) ■ ' 



u 



PI cos dy con c 
- — — ~ , 



or & ^ u r 



coa COS 

i *- 



where 0 -, =■ tan 
0 



-1 



o-, =" tan * u_ 

- tan 1 c< u Q 



glviis the value of K for hnu deaired ;.,uus-; m r^in 1 . 



On in X erg. in; 



gain ra - r gin ~ 1 - JkY(o)| vn.ore KY(p) 
KY(p) ~ -90 - tan*"- u - Ji&rT^cK u - 160 

u f tan‘*c^ u - - £70 tan u ( 1 -t < ) - -£7Q 



= ISj 



o 




u ( It of, ) - tan (~..?0) jg tan 90 ™ <=*o 

l-"'e<u c 



6 



therefore 1 ~ <Xu’ - 0 or c< - 1 whence u, ^ 1 



taen 



hf(p)\ - K 



where 



-1 

- tan 1 Uj ; 9 , , ~ tan c< u-^ 



Kcoa 6. cos 0,. 

l £ 



Ui 



1- |:CY( ju x ) - gain margin 



o 



Expression (C) 



Pl.fi se argin: KY(ju) » K 

ju( ju+i; ( J^ruTTTi j fi ufi) 



/ KY t ju) - 9 r -90 - tan u -v n c< u -tan (3 

r |90 - -tan""u -tan"”' 1 u(c^ -f /3 ) 

1- 



u 



- -tan 



-1 



U f u( CxT f ^ ) 

i cjx£3zZ 

1- 1L-I gl t£i' 



l-cx^su* 

cot D - cot 8 - u{ 1- oCflud *■ u (c< -f/3 ) 

l- -~^Tc< f /3 ; 



0) •=- c - 180 



wi.ieti reduces to 



u5 - u^ ( o^/S - oc f/3 ) cot jp - u( 1 £ ft ) cot 0 = 0 

cC f3 <=>< /3 

Solution for u for given values of €>, o^, and gives u Q 



,«\en , since |xY(ju)|- 1 at u - u 



- 



u. 



o 

w„„ere 



coa9i cos -O; cos 9-, 

C Ci 



©, 


- ,a v .r^ 


X 


9- 


- tan" * 






- tan"^ - 



rain Margin; Previously, cot is r u( 1- u**) t 

1 - - u*( - } 

= u(l-<*i3u~) ± u(«-/3 ) 
1- u*-(s<4 f- ) 

• t / KY(p; 2 180 cot U» 2 . ^ * therefore - 



cx/3 i *>< f/3 



r>, * 



. 7 non, .!$ for (3) 



J r oc -#-/3 

J-( tin naruin) r. >'Y(p.) 



- coa 9^ cos 9 cos 9-j 
-- 



w .ere Sj - tan" J u^ 



S c - t5R_, u 

&3 - ton k jS uf 



f’or expressions (B) ind (0) values of c< of 0.1 twrcugn 1.0, ana 
(3 of 0.1 turough 1.0 and ph ise margins of 15°, 30°, 45°, 50°, and 
75° arc considered. Curves of constant p; ase margin as a function 
of o<f V!}. K are given for (3) and of vs. K for values of 0/ 
and .£ for (C). (Curve? B-l, C-l through G - 4 ) Super imposed there- 
upon *rc ci:r\T 3 of constant gain margins. These curves sxiow t..e 
relation between gain and pi. marline for the transfer functions 
consiccred. T;.e low values of If associated with an uncon. pinnated 
system are evident. 



TRAN3IEN1 HF.S?0K S3 

01 principal interest <n the tra isient response to a step 
input of most sorvurascnanisr:s arc the amount of ov.^rsco. t '-o'* 
and ti.e time V required for the output of tne system to arrive at 
or sufficiently near to the value of ti.e input. Herein, time V 
will be the t irne required for the output of the system to arrive 
at ono-tent.i ox’ the saturation value of t..e err u r signal. Since 




xcre significantly wit. p.rre margin t^ar vi 1 For prase margins 

of 45 v ‘ and c J c "d" is essential .j independent of c< between ^ - .1 
and c-( l . 0 

curve B-3 shoes i'-, time- to reach 1/10 saturation vaxuo of 

error signal an a function of o< for various pnise margins for t..e 

- 3 - 
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servo of expression (3). Tnure is evidently an optimum value of 
phage margin when "Tis considered . Here a pnnse margin of 45° 
gives better response charaa (.eristics l*an does 30° or 63°. The 
servo is cveru i raped for phase margin of 75 From this curve it 
appears that Y' is dependent upon CXf,out for pa-.st margins of 
30° - 60°, it is essentially indept i«ent of pi age margin. 

From Curve 3-2 tren, maximum overshoot, d t.n) by seeociated 
with p..n&e margin while f re n Curve 8-3 time T i'oj t servo to 
3ettle fro a its tra’ eient \r \y be associated witutX. for values of 
phase margin of ipp-oximr te ly 25° - 60°. 

Curve S**4 shows maxi.ru. :n overs. .cot d as i f unction of K for 
values of puase margin tf> r 30^,45°, 60°. /.s woulu ut expected 

from the similarity of tae olmeo margin and maximum oversuoot d 
curves Versus K, tl.ie curve is almost n straight line. 



Curve 0-f) sucw,? ,nxi.m tn overshoot d for tua various values 
of phone margin ard [3 wner< c< x 3.1, 0.4. 0.8 in the servo of 
expression (C). Ikre d is essentially independent of bothc<and/3 
but •• function cf £>. This tendency was also shown in Curve 3-2 for 
expi ufjaion (B). lie re eg in d may be as*jclat»C with phase margin. 

Curves v.-o through c- 3 show a function oi (° iur 

- 0.1,C.' ,0.C . "T~ is yiir: * r -^n tial ly indop * nde» t of phase 



iv t a cu ( y . i.-C op oitvum v t . uC of. (P CO ... e incic^'to*., i or i 1.. cs 

cf 'Y increase* with^ for a giveg ph* ae margin in a 



near l / linear fashion. 



10 U> rhf '<% tnrh vh tuf-w • treated 




In Curve C-9 '/'"is plotted vs.(iforo<- 0.1, 0.4, 0.8 . Pnase 

margin was 45° in all cases. A dependence upon the values of boU. 
oC and (3 is see* . This dependence was similarly noted in t..e servo 
having the transfer function of expression (3). 

Curve 0-1 si own transient, r««por. r« of ti.e servos >f expr* s»i 
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in the servo of expression (A) gives a response different from 
that obtained in P.un 8-9 where n phase margin of 30° w-,s also i*sed. 



Discuss l on 



F~on tho previous curves of pi aue nervine os a function of 
Q*C md i i , conn r,;. -a 1. wu^re pii*>so tim'gin is large (60°~?0°) 
it is jeciantii.I ly linear wit - respect to K. f or *u»2U-r v„lu* a 
of ph jo margin trip linearity no longer ooids. For large values 
of ( 3r (3 ,) * a ci*m s of ;• ~s_ and gain unrein ire of 3 .. .1 i r 

snape. For smell of(orp) wis similarity ceases md for’ o< (or |3 ) 
in tde vicinity 0 <^ c <' tuer# 5s war cad dissi ailuri cy ♦ 

For transfer function (0; ~ » o< 3 -*cr 0 reos t«e curves of gain and 
ph se an r gin K<»co:« 3 3 sue i fit d «Hi, smaller values of K. 



The curves of seximutn overshoot d as a function of oc^or |3 
indicate that t..«i8 property of the transient response may ue 
associated <’Ui: K. 'It, being under stood ii or* over tu&t K Here is 
determined by of ? nd (5 ) Tne < urves of tine T~ f «.r b.,u output to 
settle .0 1 f 1 :k ^/"!0 ir.di<- ; to tun v 'f'rsty >€ aaroci ■; tud »vi tn 



3 , 



The as to in .ions of max .Tam ovt "'too i »* ft. I tH n rd of 7" 

*.iih cxr •■nd j3 t.vy bo .nu 1 sma ■.„» ticnlly by reference to Gh. 11, rof ( .) 

There r - / cos wt d»* '.mere !I( V »; - dr. ( .1 w ) 

IT / 0;( jv7) 

*° -i. K'/t.ivv) 

i+KY( JW; 

Jcir ‘ .e \ \ pi -'•* of "M _ . n-,„n 1 .ere ran/ be obtained 

"T ~ fS. & . hero n o fbj i.t do rminc-d by K for a 



1 + r v f to 5 

giv* n o< in e x >r* s*-ion (.’«) cr y 
u- *c f ^r in. '.u« o» jinn to 
• > • J ^ 1 * ? •'■*.€ i" * i l f i Vi of 

dete mimes d 1 c -•“ a ji /cr. «o; vo 
th- loo tljrc oJ the points ’A’, 



c i 

given of nuc in exf res.. ion (g), 
in tiri l./'-p -’f ild ■}. method given in 
t; sic^t res case onci c;r.te.\uently 
syn+en. Citni lorly , c< and ft determine 
w-,...A n in tuls scetnei and 



conse ,uent ly t..c time ?"rcr t>.a transient response to as 



tie eO ^/lw. 



The value of puase margin and of gain margin as design 
criteria is limited in that tuey each specify only one point on 
ti.o transfer function locus. . , n i 1 e useful in the discussion of 
a given servomechanism, t^eir usefulness in synthesis of transfer 
functions must be augmented by more powerful methods, s for 
examole the Lei and Ang vs log u, Lm-Ang, KY**\ and constant iu 
constant N methods of ref (a). 
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Appendix (1) 



0 I 



:ur-i 



d 0 - output, controlled quantity 
S. - input, command quantity 
A - error, error signal 

£ - value of error signal at rhicn system sauirntea 

£ 0 - input error signal, & j_ - 

•' - gain const.* >t 

\T(p' - transfer function 

Cp) - operator p - Ju in Laplace notstio*, p - <5 /dt in 

differential notation. 

r - tine required for transient to settle to £c. / 10 
d - moKimum overshoot of transient, response 
u - d i uensi on 1 ecu frequency, u - w Tj 



t - unit- of time 

' - 1 urges t time constant -.1 transfer function 

,X- - soco-io. largest ti;..e constant of transfer function 
^ - corse -nt, A-/-p- 

h ~ const a rd., / o- 
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